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In the last half-century, considerable attention in literature was paid to statistical distribu-

tions of the parameters of lightning flashes, in particular peak currents of recurrent impacts [1]. 

In addition to the general physical interest in this issue, this is due to the important role that these 

distributions play in assessing the effects of lightning strikes on various objects and in develop-

ing various lightning protection facilities. 

It is widely believed that the statistical distributions of both peak currents and other pa-

rameters of flashes are close to lognormal. Probably the most convincing experimental argument 

in favor of this hypothesis is a series of direct measurements of lightning currents in the 

equipped towers of K. Berger and his colleagues [2]. Figure 1 shows the distribution of peak cur-

rents for the first and subsequent negative components and for the first and only components of 

positive flashes, constructed in [2] from the data of these measurements. In the figure, the abscis-

sa axis is logarithmically calibrated, and the ordinate axis is in accordance with the normal dis-

tribution, so the graphs of strictly lognormal distributions are straight lines. It can be seen that in 

the constructed distributions have different degree of proximity to the lognormal (at least from 

the visual point of view), but on the whole this approximation seems acceptable. 

So far, no consistent theory has been proposed in the literature that would explain the ob-

served distributions of the parameters of lightning flashes. Lognormal distributions arise in the 

most diverse fields of knowledge, and their explanation, as a rule, is based on the application of 

some form of the central limit theorem [3, Ch. 1]. However, a more careful analysis shows that 

in order to apply these considerations to the case of peak lightning currents, it is necessary firstly 

to discretize in some way the process of "current accumulation" before the lightning discharge, 

and secondly to assume that the number of steps from the beginning of this process to the dis-

charge always remains approximately the same. Since the very appearance of lightning flashes 

has a largely probabilistic character, and the processes determining the final value of the peak 

current are difficult to divide by a constant number of discrete steps in a natural way, such an 

approach in the case under consideration does not seem to be applicable. 
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Fig. 1. From work [2]: cumulative distribution functions of peak current of return impacts for the first and subsequent components of negative 

and first and only components of positive flashes, as well as their lognormal approximations obtained by the least square method. 

 

Instead of trying to apply traditional methods for explaining lognormal distributions, we 

chose an alternative approach that is not based on the central limit theorem and takes into ac-

count the probabilistic nature of lightning discharges (hereinafter we only consider negative 

cloud - earth flashes). This approach was based on the study of the dynamics of a large-scale 

electric field, by which we mean a vertical electric field in the vicinity of the lower boundary of 

the cloud (or negative charge region) averaged over its entire surface area. We assume that a 

large-scale electric field 𝐸 grows with time (𝑡) until this growth is interrupted by a lightning dis-

charge probability of which per unit of time is determined by the current value of the field 𝐸(𝑡). 

If at the beginning of the process the values of the field 𝐸 are small, this probability is close to 

zero (or equal to zero); then it increases monotonically with increasing of 𝐸 and, in the final 

analysis, tends to unity. Therefore, if we specify the function 𝐸(𝑡) and the dependence of the 

discharge probability on 𝐸, we can express the statistical distribution of the values of the large-

scale field 𝐸 just before the flash in terms of these functions. 

Since we describe the evolution of an electric field in time as a continuous process, we 

can only talk about the probability of a discharge for a certain period of time; we denote this 

probability for a constant large-scale field 𝐸 during a time interval of length 𝜏 in terms of 



 

𝑃(𝐸, 𝜏). At that, the dependence of 𝑃(𝐸, 𝜏) on 𝜏 at a fixed 𝐸 cannot be arbitrary, since the proba-

bility of the absence of a breakdown in the time interval 𝜏, determined by the expression 1 −

𝑃(𝐸, 𝜏), must obey the rule of multiplication of probabilities: 

1 − 𝑃(𝐸, 𝜏1 + 𝜏2) = (1 − 𝑃(𝐸, 𝜏1))(1 − 𝑃(𝐸, 𝜏2)). 

Hence it can be deduced that the values of the function 𝑃(𝐸, 𝜏) for different values of the length 

of the time interval 𝜏 and 𝜏 ′ are related by the formula 

𝑃(𝐸, 𝜏) = 1 − (1 − 𝑃(𝐸, 𝜏 ′))
𝜏 𝜏′⁄

, (1) 

that is, it is natural to treat 𝑃(𝐸, 𝜏) as a one-parameter family of functions, and the definition of 

the dependence of 𝑃(𝐸, 𝜏) on 𝐸 for one fixed value 𝜏 = 𝜏0 uniquely determines the whole family 

by means of formula (1). 

Having defined the functions 𝐸(𝑡) and 𝑃(𝐸, 𝜏), we can find the cumulative distribution 

function of the large-scale electric field before the flash 𝐹𝐸(𝜀) = 𝒫{𝐸max ≤ 𝜀}. Denoting for 

convenience, by 𝑡(𝐸) function inverse of 𝐸(𝑡) (that is, defined by the formula 𝐸(𝑡(𝜀)) = 𝜀), and 

dividing the time interval from 0 to 𝑡(𝜀) into smaller subintervals, on each from which the value 

of the field 𝐸 can be assumed to be approximately constant, it can be shown that the distribution 

function of a large-scale electric field before a flash is determined by the expression 

𝐹𝐸(𝜀) = 1 − lim
𝜂→𝜀+0

exp(
1

𝜏
∫ ln (1 − 𝑃(𝐸′, 𝜏))

𝑑𝑡

𝑑𝐸
(𝐸′) 𝑑𝐸′

𝜂

𝐸(0)

) , (2) 

which due to (1) does not depend on the choice of a particular value of 𝜏. 

Equation (2) is the main one in the model constructed: it allows us to determine the dis-

tribution of one of the parameters of lightning flashes - a pre-discharge large-scale electric field 

𝐸 - from the known input data: the large-scale electric field 𝐸(𝑡) versus time and the 𝑃(𝐸, 𝜏) 

probability of a discharge per unit of time from a large-scale field. 

For more specific assessments using the model, we assume a linear dependence of the 

large-scale electric field on time, 

𝐸(𝑡) = 𝐸(0) + 𝑘𝑡, 

and a family of functions 𝑃(𝐸, 𝜏) containing a linear increase on the interval between the bound-

aries 𝐸0 and 𝐸1 in the probability of the discharge from the field at a certain value 𝜏 = 𝜏0: on the 

interval between the boundaries: 

𝑃(𝐸, 𝜏0) = {

0, 0 ≤ 𝐸 ≤ 𝐸0,

𝐸 − 𝐸0
𝐸1 − 𝐸0

, 𝐸0 < 𝐸 ≤ 𝐸1,

1, 𝐸 > 𝐸1.

 

Substituting these expressions into formula (2) gives the distribution function 



 

𝐹𝐸(𝜀) =

{
 
 

 
 

0, 𝜀 ≤ 𝐸0,

1 − exp(−
1

𝑘𝜏0
(𝜀 − 𝐸0 + (𝐸1 − 𝜀) ln

𝐸1 − 𝜀

𝐸1 − 𝐸0
)) , 𝐸0 < 𝜀 ≤ 𝐸1,

1, 𝜀 ≥ 𝐸1,

 (3) 

which depends on three independent parameters 𝐸0, 𝐸1 and 𝑘𝜏0. 

To switch from a large-scale electric field in front of a lightning flash to a peak return 

current, we use semi-empirical formulas connecting different characteristics of the flashes with 

each other. Such formulas are based, in particular, on the correlation known between the peak 

current 𝐼п and the charge transferred in the first few microseconds, which in turn can be related 

to the potential of the cloud 𝜑о or the potential of the leader end 𝜑л using simplified models of 

the lightning channel [4, 5]. As a result, the following expressions are usually obtained 

𝐼п = 𝐶 ⋅ 𝜑о
𝛼 (4) 

or 

𝐼п = 𝐶 ⋅ 𝜑л
𝛼, (5) 

where 𝐶 and 𝛼 are some constants, and the exponent 𝛼 is close to unity. We assume for simplici-

ty that 𝛼 = 1 in (4) and (5), although this is not of fundamental importance for what follows. 

First, we consider only the first components of negative flashes under the conditions of 

measurements from [2]. In this case, we can approximately consider the cloud potential 𝜑о pro-

portional to the large-scale electric field 𝐸 with a constant proportionality coefficient, which in 

combination with (4) leads to the following expression 

𝐼п = 𝐴 ⋅ 𝐸. 

This allows us to express the distribution function of the peak currents of the first components 

𝐹𝐼п(𝑖) = 𝒫{𝐼п ≤ 𝑖} through the distribution function of a large-scale electric field by the expres-

sion 

𝐹𝐼п(𝑖) = 𝐹𝐸 (
𝑖

𝐴
) ; 

together with (3) this gives the distribution function of peak currents 

𝐹𝐼п(𝑖) =

{
 
 

 
 

0, 𝑖 ≤ 𝐴𝐸0,

1 − exp (−
1

𝐴𝑘𝜏0
(𝑖 − 𝐴𝐸0 + (𝐴𝐸1 − 𝑖) ln

𝐴𝐸1 − 𝑖

𝐴𝐸1 − 𝐴𝐸0
)) , 𝐴𝐸0 < 𝑖 ≤ 𝐴𝐸1,

1, 𝑖 ≥ 𝐴𝐸1,

 (6) 

which depends on three independent parameters 𝐴𝐸0, 𝐴𝐸1 and 𝐴𝑘𝜏0. The research shows that by 

selecting these parameters, taking into account the available data on the boundaries of the range 

of field values and peak currents at lightning discharge [5] and on the evolution of the electric 

field in the cloud [6, 7] and striving for the best agreement with the results of direct measure-

ments from [ 2], we can obtain a distribution function that describes these results quite well (see 

Figure 2). 
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Fig. 2. Comparison of the distribution of peak currents of the first components of negative flashes from [2] and the model distribution obtained by 

formula (6). Parameters used in the formula (6): 𝐸0 = 5 kV/m, 𝐸1 = 300 kV/m, 𝐴 = 0,4 А·m/V,  

𝑘 = 0,5 kV/(m·s), 𝜏0 = 30 s. 

 

Now we consider the problem in a more general situation, when we want to take into ac-

count both the first and subsequent components of negative flashes. In this case, it becomes nec-

essary to somewhat complicate the model. We assume the relation (5) with 𝛼 = 1 universal for 

both cases (meaning a step leader of the first component under the leader, or the swept leader in 

the case of subsequent components), and we assume the leader potential 𝜑л to be related to the 

large-scale field 𝐸 through the structure factor 𝑆, which is not assumed to be constant. This 

structural factor includes information on the "structure" of charge distribution in a thundercloud 

cloud, as well as on the geometry and properties of the leader, and therefore its distributions in 

the case of the first and subsequent components can differ substantially. Using for convenience 

the index "1" for the first components and the index "2" for the subsequent ones, we can write 

for the peak current the expression (𝑗 = 1, 2) 

𝐼п
(𝑗)
= 𝐶 ⋅ 𝑆𝑗 ⋅ 𝐸. 

The distribution functions of the peak currents 𝐹
𝐼п
(𝑗)(𝑖) in both cases can be calculated from the 

formula 



 

𝐹
𝐼п
(𝑗)(𝑖) = ∫ 𝐹𝐸 (

𝑖

𝐶𝑥
)  𝑑𝐹𝑆𝑗(𝑥)

∞

0

, (7) 

where 𝐹𝑆𝑗(𝑥) = 𝒫{𝑆𝑗 ≤ 𝑥} is the distribution function of the structural factor 𝑆𝑗, and 𝐹𝐸(𝜀) is 

determined by the formula (3). With the distributions 𝑆1 and 𝑆2 selected, the distribution func-

tions (7) again depend on the three independent parameters 𝐶𝐸0, 𝐶𝐸1 and 𝐶𝑘𝜏0. Again using the 

available data on the boundaries of the range of field values and peak currents in the case of 

lightning and the evolution of the electric field in the cloud, and also taking into account the 

known facts about the ratio of the characteristics of the peak current distributions of the first and 

subsequent components, we can still achieve good agreement in this case with the results of di-

rect measurements from [2] (see Figure 3, obtained under the assumption of uniform distribu-

tions of the structure factors 𝑆1 and 𝑆2). 

So, we were able, based only on fairly general assumptions about the evolution of a large-

scale electric field in a cloud before a lightning flash, to obtain peak current distributions close in 

shape to those actually observed. It is important to note that the distributions obtained by us are 

not strictly lognormal, being completely enclosed in a certain range of currents, but in a certain 

range of currents are close to those. At the same time, statistical analysis of the data of [2] on the 

basis of the 𝜒2 criterion shows that in all cases the distributions obtained by us agree with the 

data in any case no worse than lognormal approximations. In this regard, we can say that while 

for practical applications the lognormal approximation of the peak current distributions is often 

satisfactory, the distributions obtained by us are more reasonable from the physical point of 

view. At the same time, it can be expected that a more accurate parametrization of the function 

𝑃(𝐸, 𝜏) and distributions of structural factors on the basis of experimental data and simulation 

data in the future will allow us to describe the "tails" of the peak current distribution correctly, 

which is especially important for applications to lightning protection. 
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Fig. 3. Comparison of the distribution of peak currents of the first and subsequent components of negative flashes from [2] and the model distri-

butions obtained by formula (7). Parameters used in the formula (7): 𝐸0 = 10 kV/m, 𝐸1 = 300 kV/m, 𝑘 = 0,5 kV/(m·s), 𝜏0 = 30 s; the factors 

𝐶𝑆1 and 𝐶𝑆2 were assumed to be distributed uniformly on the segments [0,2 А·м/В, 0,6 А·м/В] and [0,08 А·м/В, 0,24 А·м/В] respectively. 
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