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Abstract An advanced 3-D numerical model of lightning development is presented. The key features
of the model include the probabilistic branching, bidirectional propagation, nonzero internal electric
field, simultaneous growth of multiple branches, physical timing, channel decay, and, for the first time,
probabilistic propagation field threshold. The new model can be used for computing electrical parameters
of individual branches, including conductivity, current, and longitudinal electric field, each as a function of
time, in different parts of the discharge tree. For illustrative purposes, the model was applied to studying
the occurrence of lightning flashes of different type depending on the cloud charge structure, with
emphasis on the lower positive charge region (LPCR). We demonstrated with the new model that the
presence of relatively large (excessive) LPCR can prevent the occurrence of negative CG flashes by
“blocking” the progression of descending negative leader from reaching ground. The blocking effect of
excessive LPCR was found to occur when the vertical component of electric field near the cloud bottom
was negative (downward directed). Further, we showed that significant reduction or absence of LPCR can
eliminate the possibility of negative CG flashes and lead to normal-polarity IC flashes instead. The model
predicts the polarity-asymmetry, which suggests that the amount of collected charge depends not only
on the number of branches but also on the dynamics of their conductivity (lifetime) and the local cloud
charge density.

1. Introduction

There exist a variety of numerical models of lightning development (often referred to as fractal models), most
of which are summarized in Table 1. These models can be used for studying the morphology and dynam-
ics of lightning discharges depending on the charge structure of parent thunderstorm. In particular, the role
of the lower positive charge region (LPCR) has recently attracted significant attention [e.g., Coleman et al.,
2008; Nag and Rakov, 2009; Mansell et al., 2002, 2010; Cooray et al., 2014]. There are multiple ways for the LPCR
to be formed in the cloud [see, e.g., Rakov and Uman, 2003, section 3.2.7, and references therein]. Whatever
the source, it is generally thought that LPCR serves to enhance the electric field at the bottom of the main
negative charge region and thereby facilitates the launching of a negatively charged leader toward ground
[e.g., Clarence and Malan, 1957; Tessendorf et al., 2007]. In the numerical model of Mansell et al. [2002], LPCR
was found to be critical for the development of negative cloud-to-ground (−CG) flashes. On the other hand,
the presence of excessive lower positive charge may prevent the occurrence of −CG by “blocking” the pro-
gression of descending negative leader from reaching ground [e.g., Qie et al., 2005a, 2005b; Nag and Rakov,
2009]. Coleman et al. [2008] examined potential profiles derived from electric field soundings to relate the
strength of the LPCR to the amount of lightning channel branching and the time interval between initiation
and ground contact. They found that a stronger LPCR resulted in more branching and larger time interval.
Mansell et al. [2010] suggested that the electric potential of the channel could be a determining factor for
whether a discharge reaches ground. Nag and Rakov [2009] inferred four conceptual lightning development
scenarios that may arise depending upon the magnitude of the LPCR.

In this paper, we present an advanced 3-D numerical model of lightning development. In contrast with
most previous models (see Table 1), it employs the probabilistic propagation field threshold and allows
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Table 1. Comparison of Key Features of Numerical Models of Lightning Developmenta

Probabilistic Nonzero Simultaneous
3-D Propagation Internal Growth of

Channel Probabilistic Bidirectional Field Electric Multiple Channel Physical
References Extention Branching Propagation Threshold Field Branches Decay Timing

Niemeyer et al. [1984] − • − − − − − −
Wiesmann and Zeller [1986] − • − − • − − −
Dissado and Sweeney [1993] − • • − • − − −
Femia et al. [1993] − • − − • • − −
Petrov and Petrova [1993, 1999] − • − − − − • −
Dulzon et al. [1999] − • − − − − − −
Kupershtokh et al. [2001] − • − − − − − −
Mansell et al. [2002, 2010] • • • − • − − −
Tan et al. [2006, 2014] − • • − • − − −
Iudin et al. [2003] − • • − • − − •
Agoris et al. [2004] − • − − − − − •
Riousset et al. [2007] • • • − • − − −
Hayakawa et al. [2008] • • • − • − • •
Wang et al. [2016] • • • − • − − −
Present model • • • • • • • •

aFilled circles: feature is available in the model; dash: feature is not available in the model.

simultaneous growth of multiple branches and their decay. Model outputs include the current and longitu-
dinal (internal) electric field, each as a function of time, in different parts of the discharge tree. Variation of
conductivity can be also estimated. Using the new model, we showed how changes in the cloud charge struc-
ture can facilitate the development of lightning flashes of different type, paying special attention to the role
of the lower positive charge region.

2. Model Description

The thundercloud charge structure and lightning discharge are modeled in 3-D Cartesian coordinates, using
a 12 × 12 × 12 km simulation domain. This domain was discretized using 49 × 49 × 49 equidistant grid
points (nodes), so that the distance a between neighboring nodes along axes x, y, and z is the same and
equal to 250 m.

2.1. Thundercloud Charge Structure and Its Potential and Electric Field Distributions
The gross charge structure of a “normal” thundercloud can be represented as a vertical tripole consisting of
three charge centers (regions): main positive at the top, main negative in the middle, and additional positive
below the main negative [Krehbiel, 1986; Williams, 1989]. The model includes all those three charges, as well as
a negative screening charge at the top of the cloud, located above a flat, perfectly conducting ground plane.
The magnitudes of the main positive and negative charges are typically some tens to hundreds of coulombs,
while the lower positive charge magnitude is considerably less. The negative charge region is apparently
related to the −10 to −25∘C temperature range, while the lower positive charge is typically found just below
the freezing level, a few kilometers above ground, depending on season and latitude. Each charge region is
assumed to have a cylindrically symmetrical charge density distribution with Gaussian shape:

𝜌i = 𝜌i(0) exp
⎡⎢⎢⎣−

(|z − zi|
hi

)2𝛼

−

(√
x2 + y2

Ri

)2𝛼⎤⎥⎥⎦ , (1)

where 𝜌i(0) is the volume charge density magnitude of the ith charge region at x = 0, y = 0, z = zi and zi ,
hi, and Ri are its altitude, half-depth, and lateral extent (radius), respectively. Note that staircase approxima-
tion was used to represent cylindrical charge regions in the Cartesian coordinate system. The power exponent
𝛼 determines the thickness w𝜌 of the charge density transition zone between the thundercloud and the sur-
rounding medium. In particular, in radial direction w𝜌 ≈ Ri∕(2𝛼). In this paper, we use a relatively narrow
transition zone with 𝛼 = 4.
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Figure 1. (a) A cross-sectional view in a x-z plane at y = 0 of the model thundercloud with negative screening (NS), main
positive (P), main negative (N), and lower positive (LP) charge regions for configuration # 1 (see Table 2). Volume charge
density is color coded. (b and c) The same as Figure 1a but correspond to charge configurations # 2 and # 3, respectively.
Black curves illustrate patterns of equipotential lines (see also Figure 2).
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Table 2. Parameters of Five Cloud Charge Configurations and Resultant Types of Discharge

Configuration Charge Altitude, z Depth, 2h Radius, R Charge density, 𝜌(0) Charge, Q Type of
Number Region (km) (km) (km) (nC/m3) (C) Discharge

#1 NS 11 0.8 4 −0.77 −20 −CG

P 9.8 1.2 4 0.73 40

N 6.5 1.1 3 −2.19 −60

LP 4.7 1.4 1.8 0.86 11

#2 NS 11 0.8 4 −0.77 −20 −CG

P 9.8 1.2 4 0.73 40

N 6.5 1.1 3 −2.19 −60

LP 4.7 1.4 1.8 0.97 12.5

#3 NS 11 0.8 4 −0.77 −20 IC between

P 9.8 1.2 4 0.73 40 N and LP

N 6.5 1.1 3 −1.82 −50

LP 4.7 1.4 1.8 1.32 17

#4 NS 11 0.8 4 −0.77 −20 IC between

P 9.8 1.2 4 0.73 40 N and LP

N 6.5 1.2 3 −1.97 −60

LP 4.2 2.4 1.3 1.08 12.5

#5 NS 11 0.8 4 −0.77 −20 IC between

P 9.6 1.2 3.5 0.95 40 N and P

N 6.7 1.2 3 −1.96 −60

LP 4.5 2 2.6 0.33 12.5

The characteristic time interval between the cloud-to-ground lightning initiation and the return-stroke onset
at ground is a few tens of milliseconds, and the intracloud (IC) discharge formation time is typically some tens
of milliseconds [Rakov and Uman, 2003, chap. 4 and 9]. Since these times are much shorter than the Maxwell
relaxation time of charges in the cloud and in the air, the conduction currents in the medium can be neglected.
The electric potential 𝜑(r) produced by charges specified by the volume charge density 𝜌(r) can be obtained
as a solution of the Poisson equation:

▽2𝜑 = −𝜌(r)∕𝜀0, (2)

which is a superposition of 1∕r functions weighted by the source function 𝜌(r):

𝜑(r) = 1
4𝜋𝜀0 ∫ d3r′

𝜌(r′)|r − r′| , (3)

where 𝜀0 is the electric permittivity of air and d3r′ is the differential volume. Computationally, we found the
electric potential 𝜑(r) simply as the sum of contributions from all nodes of the computational domain and
their images:

𝜑(r) = a3

4𝜋𝜀0

(∑
r′≠r

𝜌(r′)|r − r′| −∑ 𝜌(r′)|r − r′ + 2(r′, z0)z0| + 𝜌(r)
a

)
, (4)

where z0 is the unit vector in upward direction and a is the grid spacing. The first and the third terms represent
real charges at the node points r′ ≠ r and at r′ = r, respectively. The second term corresponds to image
charges. The electric field vector E(r) is obtained from 𝜑(r) as

E(r) = −∇𝜑(r). (5)

In Figure 1, we illustrate three different cloud charge configurations whose parameters are summarized in
Table 2 (configurations #1, #2, and #3). Each configuration is composed of four charge regions, from top to bot-
tom: negative screening (NS), main positive (P), main negative (N), and lower positive (LP). The main difference
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Figure 2. (a) Electric potential and (b) electric field profiles before the lightning discharge initiation. Curves 1–5
correspond to five cloud charge configurations specified in Table 2. Configurations #1, #2, and #3 are compared in the
top row and configurations #2, #4, and #5 in the bottom row. Differences of the potential and field profiles below 4.5 km
for the above cloud charge configurations are clearly visible. Altitudes of negative screening (NS), main positive (P), main
negative (N), and lower positive (LP) charge regions are also shown. The curves labeled “Threshold” in the right column
represent the initiation electric field threshold as a function of altitude.

between the three configurations is the magnitude of the LP charge (11, 12.5, and 17 C for configurations #1,
#2, and #3, respectively). The charge density distributions and corresponding patterns of the electric potential
in the x-z plane are shown in Figure 1. Note the differences in electric potential patterns below the N charge
layer for different charge configurations.

Figures 2a and 2b show the total potential and electric field profiles, respectively, at the center of the sim-
ulation domain, along the vertical axis, before the discharge initiation. Three curves (labeled 1, 2, and 3) in
Figure 2 (top row) correspond to cloud charge configurations #1, #2, and #3, whose parameters are summa-
rized in Table 2. Figure 2 (bottom row) represents vertical profiles of the electric potential and electric field for
charge configurations #2, #4, and #5 (see Table 2). In configurations #4 and #5, the magnitude of the LP charge
is kept the same (12.5C) as in configuration #2, but the radius of the corresponding region is either decreased
(configuration #4) or increased (configuration #5) relative to that in configurations #1–#3 (the depth of the
LP charge region is increased in both configurations #4 and #5 relative to that in configurations #1–#3). The
sets of parameters in Table 2 are in agreement with observations and are similar to those used by Krehbiel
et al. [2008].

2.2. Lightning Initiation and Development
Lightning discharge starts with an electrical breakdown between two adjacent nodes of the computational
domain when the electric field between the nodes exceeds the initiation threshold value Eith. The threshold
field Eith as a function of altitude z, assumed to be independent on polarity, is given by Marshall et al. [1995]

Eith(z)[kV/m] = 216 exp

(
− z[km]

8.4

)
. (6)

The initiation threshold is represented by curves Ez = ±Eith(z) labeled “Threshold” in Figure 2 (right column).

The discharge develops as a bidirectional leader. Positive and negative leaders propagate from the opposite
ends of the initial link (stem), as illustrated in Figure A1. Positive branches gather negative charge and extend
preferentially into the regions of net negative charge. Negative branches carry negative charge and tend to
propagate toward and through the regions of net positive charge.

In the majority of previous models (see Table 1), a maximum of two new channel segments (one positive and
one negative) may be added per step and no channel decay is allowed. In our model, after the formation
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Figure 3. Probability of channel growth as a function of electric field E
relative to the initiation field threshold Eith for different values of
exponent m. Epth is the propagation field threshold.

of the stem, both channel development
and decay may occur simultaneously in
different parts of the discharge tree with
no prescribed limit on the number of
branches per node.

Our approach to simulation of the
discharge development differs signifi-
cantly from those in previous models.
Historically, the first stochastic models
proposed for the computer simulation
of breakdown in dielectrics was devel-
oped by Niemeyer et al. [1984] and used
the power law form of the discharge
growth probability function:

P = k

(
E

Eith

)m

, (7)

where k is the proportionality coefficient. This model (often labeled as NPW model) has been employed in
numerous studies to represent the branched structure of lightning discharge. Reasonable branching patterns
of the discharge were obtained only for m> 1, which is difficult to justify from the physical point of view [see
Mansell et al., 2002, and references therein]. Wiesmann and Zeller [1986] attempted to solve this problem by
setting m = 1 and forcing the growth probability function to zero when E < Epth, where Epth is the threshold
electric field for discharge propagation (propagation threshold):

P(ri) =

{
1
Z
|E(ri) − Epth|m, if E(ri) ≥ Epth;

0, if E(ri) < Epth,
(8)

where

Z =
N∑

i, E(ri)≥Epth

|E(ri) − Epth|m, (9)

with ri (i = 1,… ,N) being the candidate link position vector. This approach (similar to setting m> 1 in the
NPW model) suppresses the unrealistic growth of small lateral branches between the major branches of the
internal part of the discharge structure (behind its positive and negative frontal parts).

In order to account for both the initiation threshold Eith and the propagation threshold Epth, we use the
following expression for the probability of channel growth associated with candidate node i:

P(ri) =

{
1− exp

{
− ||| E(ri)−Epth

Eith

|||m}
, if E(ri) ≥ Epth;

0, if E(ri) < Epth,
(10)

where m is an index which determines the shape of the probability function. In the present study, we use
m = 1. Figure 3 shows the probability of channel growth for different values of m and illustrates the relation
between the initiation Eith and propagation Epth thresholds.

Note that in the vicinity of propagation threshold, when|||||
E(ri) − Epth

Eith

||||| ≪ 1, (11)

the exponential function in equation (10) can be expanded in a series, and the dependence of the channel
growth probability P on the electric field becomes similar to that suggested by Wiesmann and Zeller [1986].

We have chosen the propagation threshold at sea level to be Epth = 50 kV/m (the same for both positive
and negative leaders). This value is effective and largely determined by our spatial resolution (grid spacing)
of 250 m. Note that Eith(z = 0) = 216 kV/m, so at sea level Epth∕Eith ≈ 0.23. It is assumed that similar to Eith

(see equation (6)), Epth is proportional to the atmospheric neutral density, which is exponentially decreasing
with altitude.
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Equation (10) has two significant advantages over those used in the previous models. First, it takes into
account both the initiation Eith and propagation Epth threshold fields. Second, equation (10) automatically sat-
isfies the normalization requirement for each individual probability without summation over all candidate
links. This latter feature allows independent and simultaneous extension of different branches of the discharge
tree. It also provides a way to introduce physical timing, usually not possible in other models (see Table 1). In
our model, the physical time t is discretized with model time steps 𝜏 . Any change in the lightning structure
during one step corresponds to an interval 𝜏 of physical time. All calculations presented in this paper were
performed for 𝜏 = 50 μs.

One of the features of previous models (see Table 1) is non-self-consistent description of the charge relax-
ation in the conducting discharge channels. Wiesmann and Zeller [1986], Mansell et al. [2002], and Riousset
et al. [2007] among others (see Table 1), postulated a constant voltage drop along the conducting channels to
take into account the charge relaxation process. Thus, the electrical resistance of channels in their models was
represented by an internal electric field Eint (for example, Eint=500 V/m was used by Mansell et al. [2002]). This
approach, while simulating the slow relaxation of charge in the conducting structure, reduces the potential
of the branches and, hence, the local electrical field in the vicinity of branch tips. In reality, due to the charge
relaxation, the net electric field decreases inside the volume of the discharge tree and increases at its periph-
ery. Thus, in the course of discharge development the electric field is continuously pushed to the periphery
of the discharge tree.

In our model, at each time step, the average electric field along all candidate links (see Figure A1) is calcu-
lated as

Eij =
Δ𝜑ij

aij
, (12)

where Δ𝜑ij is the potential difference between nodes i and j (which is governed by Poisson equation (2)) and
aij is the length of the corresponding link. The link length aij is equal to the grid spacing a when the link is

directed along the Cartesian coordinates, and aij =
√

2a for cell-face diagonal links. We also considered the

cubic-cell diagonal links for which aij =
√

3a but do not show the results here, since they do not materially
influence our conclusions. In the course of lightning discharge, the cloud charge distribution changes with
time due to growing conducting channels. Electrical conductivity of a channel is a measure of how long it
takes for a relaxation process to make the channel equipotential. We assume that this relaxation time is com-
parable to the discharge tree lifetime and hence is larger than the characteristic time of the discharge tree
structural changes. The latter assumption means that in modeling the lightning discharge development we
need to take into account the relaxation currents, which are induced in the conducting channels by the exter-
nal (ambient) electric field. We consider as ambient field the field between two nodes in the absence of the
link, while the internal field is the field between those nodes in the presence of the link. In this view, the
field between the two nodes gradually changes from the ambient value prior to the link onset to the internal
(lower) value when the link is established and heated by current I in that link. As a result, the electric field at
the leader tips increases slowly, and the newly added segments have enough time to develop in relatively low
electric fields.

Electric charge Δqij transferred between nodes i and j via the link with conductivity 𝜎ij during the model time
step 𝜏 can be represented (using Ohm’s law and equation (12)) as

Δqij = 𝜏 ⋅ Iij = 𝜏 ⋅ 𝜎ijEija
2
ij = 𝜏 ⋅ aij𝜎ijΔ𝜑ij, (13)

where the conductivity is effective, corresponding to the implied square cross-sectional area of the link, a2
ij .

Note that the link (channel) in the model is a virtual object: one can view it as a rectangular slab or as a thin
cylinder, and the only parameter that depends on the cross-sectional area is conductivity, while both the cur-
rent and internal electric field remain the same. The slab conductivity 𝜎ij can be scaled to the corresponding
conductivity 𝜎 of an equivalent link, carrying the same current Iij , but via a realistic (smaller) cross-sectional
area S, as 𝜎ija

2
ij∕S. It is worth noting that in the present version of the model we assume a uniform current den-

sity distribution over the cross-sectional area of the link, while in reality the leader channel is composed of a
narrow, highly-conducting core surrounded by a much larger, low-conductivity corona sheath [e.g., Maslowski
and Rakov, 2006].

IUDIN ET AL. ADVANCED NUMERICAL MODEL OF LIGHTNING 7
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The charge distribution over the discharge tree nodes obeys the continuity equation,

𝜕qi

𝜕t
=
∑
i≠j

Iij, (14)

where qi is the charge at node i and the right-hand side is the algebraic sum of all currents entering and leaving
node i.

Evolution of the channel conductivity 𝜎ij is determined by the balance between the production and dissipa-
tion of the Joule heat in the channel (between its heating and cooling). As a first approximation, we assumed
that the increase of the channel conductivity is directly proportional to the net energy input, i.e.,

𝜕𝜎ij

𝜕t
= 𝜂E2

ij ⋅ 𝜎ij − 𝛽[𝜎ij − 𝜎0], (15)

where 𝜎0 is the initial effective conductivity of a newly formed channel and 𝜂 and 𝛽 are the conductivity
growth and decay rates, respectively. The first term on the right-hand side relates the conductivity growth
to the release of Joule energy in the discharge channel, while the second term describes the conductivity
decrease due to the energy dissipation. Equation (15) is a differential analog of the Rompe-Weitzel formula for
the conductivity of long spark channel [see Dulzon et al., 1999; Rompe and Weizel, 1944]. A similar approach
was recently used by Iudin and Davydenko [2015], Davydenko and Iudin [2016] to describe the preliminary
stage of compact intracloud discharges [e.g., Nag and Rakov, 2010a, 2010b]. In contrast to the present model,
they considered the development of streamer-type discharges, which are characterized by relatively small
currents, lower initial conductance of the channel, and smaller spatial extent. Here, based on our experience
in modeling the development of lightning discharge trees, we assumed that 𝜂 = 10−2m2∕(V2 ⋅ s), 𝛽 = 104s−1,
and 𝜎0 = 1.2 ⋅ 10−11S/m.

In this paper, we consider two possible scenarios of the model discharge completion. First, one of the dis-
charge channels contacts the ground resulting in a cloud-to-ground discharge. Second, none of the discharge
channels contacts the ground and the discharge tree dies off when the net discharge current falls below a
threshold value, which is assumed to be 0.1 A in the present study.

Key features of our model, in comparison with other models, are summarized in Table 1. They include, in
particular, the probabilistic discharge propagation threshold, simultaneous growth of multiple conducting
branches, and channel decay. Perhaps the most powerful feature of the model is its ability to predict (for the
first time) the conductivity, internal electric field, and current, each as a function of time, in each channel
segment of the discharge tree.

3. Results and Discussion

The model described above was applied to studying the occurrence of lightning flashes of different type
depending on the cloud charge structure (see Table 2), with emphasis on the effect of the low positive charge
region (LPCR). The results are presented and discussed below.

Figure 4 shows examples of fully developed discharges for the three different cloud charge configurations,
labeled #1, #2, and #3 in Table 2 (see also Figures 1 and 2 (top row)). In each case, the simulated discharge is
initiated between the N and LP charge regions at an altitude of 5.9 km above ground level, where the region of
maximum electric field, exceeding the initiation threshold (see Figure 2b, top), is located. The discharge con-
tacts ground for configurations #1 and #2 (see Figures 4a and 4b), but not for configuration #3 (see Figure 4c).
Thick curves in Figures 4a and 4b represent channel trunks contacting ground. In our model, calculations stop
at the instant the contact with ground is made (CG events) or the discharge tree dies off (IC events). As illus-
trated in Figure 5, the three charge configurations differ in terms of the electric field and potential distributions
along the vertical axis at the center of the simulation domain before and after the flash.

As an example, temporal profiles of the current, longitudinal electric field, and conductivity in the initial
link (stem) of the discharge tree for charge configurations #1, #2, and #3 are shown in Figure 6. One can
see that, regardless of the type of discharge, maximum values of the current and conductivity of the chan-
nel are reached about 40–45 ms after the beginning of the discharge. Also, these maximum values depend
only slightly on the cloud charge configuration. Note that the current varies from the 0.1 A cutoff value to
a few hundreds of amperes (by a factor of 103). The conductivity of the channel also varies by a factor of
about 103, which is smaller than expected for lightning and may be influenced by grid spacing. According to
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Figure 4. Three-dimensional plots of model lightning discharges for cloud charge configurations #1, #2, and #3
(see Table 1). Color-coded equipotential lines are shown in two orthogonal vertical planes: (left column) x = 0, y = 4 km
and (right column) x = 4 km, y = 0. Left and right columns correspond to different azimuthal angles of view.

Bazelyan and Raizer [1998, pp. 246–247], for long sparks, the average leader current is of the order of 1 A, the
longitudinal electric field is of the order to tens to hundreds of kV/m, and the channel conductivity is of the
order of a few S/m. In the −CG lightning, the typical leader current is about 100 A, and the conductivity of
leader channel can reach 104 S/m or so.

The altitude of each new discharge tree node versus time for charge configurations #1, #2, and #3 is plotted
in Figure 7. Figure 7 (top row) shows that in the case of relatively weak LPCR, the downward extent of the
negative part of the discharge tree rapidly increases, leading to a −CG event. By repeating simulations for
each charge configuration multiple times, we found that for configuration #1 all simulated discharges were
−CGs and their times to reach ground were between 42 and 77 ms, whereas for configuration #2 only 40%
of initiated discharges became −CGs and their times to reach ground were longer, between 87 and 98 ms.

IUDIN ET AL. ADVANCED NUMERICAL MODEL OF LIGHTNING 9
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Figure 5. Distributions of (a) electric potential and (b) electric field along the vertical axis in the center of calculation
domain just before (solid lines) and after (dashed lines) model discharge for cloud charge configurations (top row) #1,
(middle row) #2, and (bottom row) #3 specified in Table 2.

These model-predicted results are in a good agreement with observations of Coleman et al. [2008]. Figure 7
(bottom row, left) demonstrates that the presence of relatively large LPCR prevents the occurrence of −CG by
blocking the progression of descending negative leader from reaching ground. This blocking effect occurs
when the electric field near the cloud bottom is negative, as opposed to being positive or zero for configura-
tions #1 and #2, respectively, as seen in Figure 2 (top row). Note that in Figure 7 (bottom row, left) the vertical
extent of the discharge tree after 100 ms decreases and at 200 ms the tree (negative part first) dies off.

As seen in Figure 7, the number of negative nodes exceeds the number of positive ones for each configuration,
due to significant differences in charge densities in the main negative and lower positive charge regions. A
new positive node collects substantially more electric charge than a new negative node, which leads to a
larger number of negative nodes needed to maintain the charge balance. In other words, the lower charge
density region has to be “scanned” more intensely in order to collect enough charge.

Next, comparing the results for cloud charge configuration #2 with those for configurations #4 and #5
(see Table 2), we show that the LPCR blocking effect can be achieved by slightly changing altitudes and
dimensions of the charge regions, while keeping the charge magnitudes the same (note the corresponding
changes in charge densities). The potential and electric field distributions along the vertical axis of the cal-
culation domain for cloud charge configurations #2, #4, and #5 are presented in Figure 2 (bottom row). As
discussed above, in 40% of cases configuration #2 leads to a −CG discharge. In contrast, configuration #4 usu-
ally results in an IC discharge between the main negative charge region and the LPCR, while configuration #5
leads to an IC discharge between the main negative and main positive charge regions. If the radius of LPCR
decreases and its depth increases in such a way that its charge density increases (as in the case of changing
charge configuration from #2 to #4), at some altitudes near the bottom of the cloud the electric field becomes
negative (downward directed). It prevents the progression of descending negative leader from reaching
ground and leads to the formation of an IC flash, in contrast with configuration #2 that leads (in 40% of cases)
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Figure 6. Temporal profiles of the current, longitudinal electric field, and conductivity in the initial link of the discharge
tree for charge configurations (top) #1, (middle) #2, and (bottom) #3. Electric conductivity 𝜎 was estimated as
𝜎 = 𝜎ija

2
ij∕S, assuming that the link cross-sectional area S = 4 mm2 (see explanations below equation (13)).

to the formation of a −CG flash. Conversely, if both the radius and depth of LPCR increase in such a way that
its charge density appreciably decreases (as in the case of changing charge configuration from #2 to #5), the
magnitude of electric field between the main negative and lower positive charge regions falls below the ini-
tiation threshold (see Figure 2b, bottom). In this case, we observed that the noticeable decrease of charge
density in the LPCR (from 0.97 to 0.33 nC/m3) reduces the chance of developing −CG flashes and leads to the
formation of an IC flash between the main positive and main negative charge regions instead.

It is clear from the above that even relatively minor changes in the cloud charge structure (geometrical
parameters and charge magnitudes) can lead to different dominant lightning development scenarios.

4. Summary

An advanced 3-D numerical model of lightning development is presented. The model is taking into account
the probabilistic branching, bidirectional propagation, nonzero internal electric field, simultaneous growth
of multiple branches, physical timing, channel decay, and, for the first time, probabilistic propagation field
threshold. The new model can be used for computing the current and internal electric field, each as a
function of time, in the individual branches of the discharge tree. Variation of channel conductivity can be
also estimated. Using the new model, we showed how changes in the cloud charge structure can facilitate

IUDIN ET AL. ADVANCED NUMERICAL MODEL OF LIGHTNING 11
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Figure 7. (left column) The altitude of each new node of the discharge tree versus time for charge configurations
(top row) #1, (middle row) #2, and (bottom row) #3. Red and blue points correspond to positive and negative parts of
the discharge tree, respectively. (right column) The number of nodes versus altitude for each charge configuration.
Horizontal arrows indicate altitudes of the N and LP charge regions. Note that randomization procedure was applied to
show more individual points.

the development of lightning flashes of different type, paying special attention to the role of the lower positive
charge region (LPCR). Specifically, we demonstrated that the presence of relatively large (excessive) LPCR pre-
vents the occurrence of negative CG flashes by blocking the progression of descending negative leader from
reaching ground. This blocking effect occurs when the vertical component of electric field near the cloud bot-
tom is negative (downward directed), at least for the idealized charge configurations considered in this paper.
Additionally, we showed that significant reduction or absence of LPCR can eliminate the possibility of nega-
tive CG flashes and lead to IC flashes between the main negative and main positive charge regions instead.
The presented model provides an adequate description of lightning discharge development, with simulation
results being in qualitative and quantitative agreement with experimental data.

The model can be further developed to describe in a self-consistent manner the formation of the cloud charge
structure, taking into account both the charging currents inside the cloud and corona at the ground surface.
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Figure A1. Discharge tree configuration and channel extension in 2-D
geometry. Directed links (solid lines) and link candidates (dashed lines)
are shown. Red arrows represent positive branches, blue arrows
represent negative branches, and the green arrow is the initial link
(stem). Only selected nodes (solid and dashed line circles) of the
computational grid are shown.

Such models can serve as the basis for
the prediction of lightning activity in
thunderstorms formed under a variety
of conditions and at different stages of
their development.

Appendix A: Graph Theory
as Applied to Lightning
Development

The lightning discharge tree can be rep-
resented as a directed graph. In terms of
the graph theory [e.g., Gross and Yellen,
2005], a directed graph can be repre-
sented as a set of nodes connected by
links, where each link is characterized
by a length and an associated direction.
In formal terms, a directed graph is a
pair G = (V,A), where V is a set of
nodes and A is a set of ordered pairs of
nodes, called links. Typically, a graph is
depicted in diagrammatic form as a set
of circles, which represent nodes and are
joined by arrows, representing links. An
example of discharge tree representa-
tion by a graph is shown in Figure A1.
The tree configuration is plotted in 2-D
for the sake of clarity, and its extension
to 3-D geometry, used in our model, is
straightforward.

The degree deg(v) of node v is the number of links, which are connected to it. A number of arrows terminating
on node v is called the indegree deg−(v) of the node, and a number of arrows originating from node v is
called the outdegree deg+(v) of the node. Numbers inside solid line circles in Figure A1 represent a value
deg(v) = deg−(v)+deg+(v). A node with deg−(v) = 0 and deg+(v) ≠ 0 is called a source, since it is the origin of
all its links. Similarly, a node with deg+(v) = 0 and deg−(v) ≠ 0 is called a sink. For a directed graph, the node
degrees satisfy the following relation: ∑

v∈V

deg+(v) =
∑
v∈V

deg−(v) = |A| , (A1)

where |A| is the total number of links in the discharge tree. The lightning discharge tree is assumed to be a
directed graph with no loops or directed cycles. If we replace its directed links with undirected links, we obtain
an undirected graph that is both connected and acyclic. The latter property can be expressed as

|V| = 1
2

∑
v∈V

deg(v) + 1 = |A| + 1 , (A2)

where |V| is the total number of nodes in the discharge tree.

The discharge tree develops according to the following algorithm. At time t, the discharge tree peripheral
nodes with deg(v)|t = 1 (sinks and sources) could generate new links with neighboring nodes, if the local elec-
tric field near the peripheral nodes exceeds the propagation threshold Epth, in accordance with equation (10).
Starting with the existing discharge structure, new links form independently, with probability given by (10).
Note that there is no guarantee that at least one link will be selected. Also, since loops are prohibited in the
proposed model, we use random selection, when two (or more) links can connect to the same new node.
If a peripheral node v acquires a certain number nv of new links at model time step 𝜏 , its degree increases:
deg(v)|t+𝜏 = 1 + nv . If a peripheral node does not acquire any link, we withdraw the node and its link to the
parent node vp. Accordingly, the parent node degree should be decreased by one: deg(vp)|t+𝜏 = deg(vp)|t −1.
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If deg(vp)|t+𝜏 = 1, the parent node vp is considered as a new peripheral node at the time moment t + 𝜏 . When
a node is removed from the discharge tree, the node charge can be considered as “frozen” in space due to
low conductivity of the surrounding medium.

One may consider the instantaneous discharge tree configuration as a structure having positive and negative
parts joined by the initial link (stem). In Figure A1, the positive and negative parts of the tree are represented
by red and blue colors, respectively.

The growing conducting structure consists of many individual streamer/leader branches (which differ in their
conductivity and current) that propagate in a competitive way. Electric conductivity of the branches changes
in accordance with equation (15). A short current pulse accompanies each conductivity change because of
the stepwise change of the overall charge distribution. Once new links and compliant peripheral nodes with
deg(v) = 1 have been selected, the system potential distribution is recalculated, as described in section 2.1, to
satisfy Poisson equation (2). For each node of the conducting structure, we determine its electric charge using
the values of potential at the neighboring nodes and equation (13). Accuracy of calculation was checked at
each time step by comparing the net charge of the discharge tree (calculated by summing the charges of all
its nodes) with the sum of initial charges of its nodes. The maximum tolerable mismatch was set to 0.1%.
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